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Tracer particles are used to study bedload transport in gravel bed rivers. 
One of the advantages associated with their use is that they allow for direct 
measurements of particle entrainment rates in bedload transport and particle 
displacement. The main issue in field studies with tracer particles is the difference 
between tracer short term and long term behavior. This difference is due to the fact 
that particles undergo vertical mixing or move to less active locations such as bars 
or even floodplains. For these reasons the mean tracer velocity decreases over 
time.  This phenomenon has been called tracer slowdown and it can have a 
significant impact in estimating the bedload transport or in modeling the dispersal 
of contaminated sand and gravels. The vast majority of the morphodynamic 
models that account for the non-uniformity of the bed material (tracer and not 
tracer, in this case) are based on a discrete description of the alluvial deposit. The 
deposit is divided in two different regions; the active layer and the substrate. The 
active layer is a thin layer in the topmost part of the deposit in which particles can 
interact with the bed material transport. The substrate is the part of the deposit 
below the active layer. Due to the discrete representation of the alluvial 
vi 
deposit,active layer models are not able to reproduce tracer slowdown. To 
overcome some of the limitations of layer-based models, Parker and co-authors 
introduced probabilistic, not layer-based morphodynamic framework. This 
framework is based on a probabilistic description of the temporal variation of bed 
surface elevation associated with sediment transport processes, and it is used 
herein to model the dispersal of tracer particles. Particle entrainment rates are 
computed as a function of the flow and sediment characteristics, and particle 
deposition is modeled with a step length formulation. Here we present one of the 
first implementation of the probabilistic framework at laboratory scale, validate it 
against laboratory data, and then we use the validated model to investigate some 
of the characteristics of tracer dispersal at laboratory and field scales. 
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Morphodynamic studies of sedimentary systems are important to 
understand how these systems form and evolve in time, and how human activities 
can modify their characteristic at time scales ranging from few decades to several 
centuries.   
Morphodynamic models couple hydraulics with sediment transport 
calculations to predict the spatiotemporal evolution of the system of interest. 
Experimental and numerical work has been conducted to express sediment 
transport rates as empirical functions of flow properties and of sediment 
characteristics (e.g., Engelund and Hansen, 1967; Vanoni, 1974).  
Hirano (1970) introduced a layer-based morphodynamic modeling 
framework of sediment continuity that accounts for the non-uniformity of the 
sediment. Depending on the sediment size and the flow conditions, sediment 
particles can either be transported as bedload or in suspension (Church, 2006). In 
the Hirano discrete framework, empirically determined rules describe the layer 
thickness and the exchange of sediment between the layers and the sediment 
2 
transport. This simplified description of the interaction between sediment 
transport and alluvial deposits is generally referred to as active layer approximation 
in the literature and has been commonly used in morphodynamic studies for over 
four decades.  
Numerical studies based on the active layer approximation focused on e.g. 
the vertical variation of sediment grain size in dune deposits, sediment sorting in 
river bends, formation of sediment sorting patterns in streamwise direction, 
abrasion of gravel particles, the exchange of sediment between the bedload 
transport and the deposit during channel bed aggradation and degradation, a 
spatially varying grain size distribution of the alluvial deposit and the interaction 
between a river channel and its floodplain (e.g., Ribberink, 1987; Parker and 
Andrews, 1985; Diegaard and Fredsoe, 1978; Paola and Seal, 1995; Parker, 1991a,b; 
Armanini, 1991; Hoey and Ferguson, 1994; Cui et al.,1996; Viparelli et al., 2013; 
Lauer et al., 2016).  
 
 Active layer models are here referred to as layer-based models because in this 
modeling framework the bed deposit is divided in two regions: the topmost active 
layer and the underlying substrate.   
The active layer has thickness of La and is a mixed layer, i.e. 1) there is no 
vertical variation of the sediment characteristics, e.g. sediment size distribution, 
3 
and 2) active layer particles have a constant and finite probability of being 
entrained into transport.  
The substrate is the remaining part of the alluvial deposit. Substrate 
particles cannot directly interact with the sediment transport except when 
aggradation or degradation occurs. In other words, sediment particles are 
transferred from the substrate to the active layer during channel bed degradation 
and from the active layer to the substrate during channel bed aggradation. The 
substrate is not necessarily modeled as a mixed layer, i.e. particle characteristics 
can change in both the vertical and streamwise direction.  
 Active layer models are useful tools to study morphodynamic problems in 
which the vertical sediment fluxes are primarily controlled by temporal changes 
in mean channel bed elevation, i.e. aggradation or degradation. However, these 
models cannot be used to study problems in which the vertical sediment fluxes are 
controlled by erosion and deposition processes occurring in presence of non-
negligible topography or over short temporal scales compared to the time scales 
of changes in mean bed elevation.  
Thus, active layer-based models cannot capture key features of processes 
such as tracer and contaminant dispersal (Hassan and Church 1994, Ferguson et 
4 
al. 2002, Wong et al. 2007) and sediment sorting in the presence of bedforms (Blom 
and Parker, 2004; Blom, 2008; Ganti et al., 2013).   
In addition, active layer-based models fail to adequately capture the spatial 
variation in sediment size distribution in alluvial channels associated with changes 
in flow regime and sediment supply when channel bed aggradation or 
degradation are negligible, e.g.  the infiltration or winnowing of fine sediment in 
a coarse alluvial bed (Viparelli et al., 2011).  
In summary, due to the discretization of the alluvial deposit, in active layer-
based models sediment entrainment and deposition are limited to the active layer 
and the rest of the alluvial deposit does not participate to the sediment transport 
processes. 
 
In reality an alluvial deposit is not divided into discrete layers, and the 
parameters describing particles entrainment and deposition should vary 
continuously in the streamwise and in the vertical direction.  It is thus reasonable 
to think that active layer models are a useful approximation of a general 
formulation that has to be continuous (not layer-based) in nature.  
 To overcome the problems associated with active layer models Parker, 
Paola, and Leclair (Parker et al., 2000) introduced a not layer-based 
morphodynamic framework (referred to as PPL framework in this thesis) in which 
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the short-term changes in bed elevation associated with bedload transport and 
bedform migration are modeled with probability functions of bed elevations. In 
this theoretical framework, all the particles in the bed deposit can interact with the 
sediment transport, i.e. all particles have a finite probability to be entrained in 
transport.  
A schematic representation of the differences between active layer-based 
models and the continuous PPL morphodynamic framework is presented in 
Figure (1.1).  The bed deposit in active layer-based models is presented in Figure 
(1.1.a), where z denotes an upward oriented vertical coordinate, ?̅? represents the 
mean (i.e. averaged over the short-term bed level changes associated with 
sediment transport and bedform migration) bed elevation, La denotes the active 
layer thickness, and x is a streamwise coordinate.   
The probability functions of particles entrainment in transport are 
qualitatively presented in Figure (1.1.b) for active layer-based models (left) and 
the PPL framework (right).  In figure (1.1b), z represents and upward oriented 
vertical coordinate.  In active layer-based models the probability function of 
particle entrainment is a step function equal to 1/La in the active layer and equal to 
0 in the substrate.  In the PPL framework the probability of entrainment is a 
continuous function of z that explicitly accounts for the interaction of the entire 
bed deposit with the flow and sediment transport. Particles at the deepest 
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elevations have smaller probabilities to interact with the flow than the particles 
that are in the upper part of the deposit.  
Due to the lack of mathematical models describing 1) the short-term 
changes in bed elevation, 2) the elevation-specific entrainment rates of sediment 
in transport (Figure 1.1.b), and 3) the elevation-specific deposition rates of 
sediment in the alluvial deposit, the PPL framework has not been quantitatively 
compared with experimental results and field observations.    
 
A comprehensive literature review reveals that 1) very few studies focused 
on the probabilistic characterization of the short-term changes in bed level around 
the mean elevation (e.g., Hassan, 1988; Hassan and Church, 1994) and on the 
quantification of the associated sediment fluxes, and 2) there is a lack of 
understanding of how bed level changes and sediment transport can be modeled 
with a probabilistic approach in natural systems, and how the probabilistic model 
can be linked to the depositional stratigraphy (Blom et al., 2004; Viparelli et al., 
2017).  
Blom and Parker (2004) developed a continuous, vertical sorting model to 
predict the grain size stratigraphy in dune-dominated rivers.  Due to the lack of 
functional relationships describing the elevation-specific entrainment and 
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deposition rates, Blom et al. (2004, 2006) derived and implemented sub-models to 
compute the vertical sediment fluxes associated with bedform migration. These 
sub-models, however, are too computationally expensive for field scale 
applications (Blom, 2008).  
Parker and Perg (2005) implemented the PPL framework to estimate 
cosmogenic nuclides (i.e., tracers) concentration based on specified erosion rates 
in badlands and landscapes dominated by deep-seated landslides.  
Viparelli et al. (2017) implemented a quasi-steady version of the PPL 
framework for a reach of the Trinity River, California, USA, and their results show 
that the computational costs of the continuous framework are comparable with 
those of active layer-based models.  
Pelosi et al. (2014 and 2016) developed a master equation to model tracer 
dispersal in alluvial rivers. The Pelosi et al. formulation is based on the definition 
of a mean bed elevation averaged over the short-term changes in bed level 
associated with bedload transport and bedform migration (bed elevation) and it 




 Tracer stones, i.e. sediment particles with special characteristics such as 
color, magnetic or radioactive properties, are often used to study bedload 
transport in the laboratory and in the field (Einstein, 1937 and 1972; Ferguson and 
Wathen, 1998; Ferguson and Bloomer, 2002; Hassan and Ergenzinger, 2003; 
Hassan and Church, 1994 and 2000; Wong et al., 2007 among others).  
Wong et al. (2007) performed laboratory experiments on tracer (painted 
gravel particles) dispersal in an unidirectional flume to 1) quantify the short term 
changes in bed elevation associated with bedload transport and the elevation-
specific rates of particle entrainment and deposition, and 2) express them as 
functions of the mean characteristics of the flow and to the sediment properties. 
Recently Ghasemi et al. in preparation) used the Discrete Element Method to 
numerically determine functional relation linking the charachteristics of the flow 
and of the sediment transport to the short-term changes in bed elevation specific 
rates of particle entrainment. Ghasemi et al. validated their numerical results 
against Wong et al. (2007) experiments. These functions are necessary for the 
numerical implementation of the PPL framework.  
In this study we use the Wong et al. (2007) and Ghasemi et al. (in 
preparation) functional relations describing the short-term variability of bed 
elevations and the elevation-specific rates of entrainment and deposition to 
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validate the PPL framework at laboratory scale.  In bedload dominated settings 
the validated model is then used to predict the effects of short-term changes in bed 
elevation on tracer dispersal.  
 
Tracer studies showed that the relative particle size and the shear stress are 
the main controlling factors on particle entrainment at short temporal and spatial 
scales (Wong et al., 2007; Schmidt and Ergenzinger, 1992; Wilcock, 1997a; 
Habersack, 2001). However, in long term (from few years to several to thousands 
of years, depending on the type of tracer) additional factors such as vertical 
mixing, sediment exchange between e.g. channels, bars, and floodplains play 
important role (Wilcock, 1997b; Gintz et al., 1996; Lenzi, 2004; Haschenburger and 
Church, 1998; Ferguson et al., 2002). 
In other words, due to the complex characteristics of bedload transport in 
natural settings, the duration of a tracer study in the field plays an important role 
because particles may undergo vertical mixing or move to less active locations.  
When particles reach these less active locations the probability that they are 
entrained in transport issmall compared to the probability of entrainment of 
particles located in the main channel.   
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Bedload transport in tracer studies is generally described in terms of 
particle virtual velocity, i.e. the mean particle velocity over periods of motion and 
rest either on the bed surface or within the alluvial deposit (Wong et al., 2007 and 
references therein).  Tracer deposition in less active locations results in a smaller 
particle virtual velocity compared to the virtual velocity estimated when all the 
tracers are in locations with significant bedload transport.  In other words, in tracer 
studies the particle virtual velocity decreases in time because some tracers are 
buried deep down in the channel bed and others are deposited in bars, riffles and 
maybe in the floodplains (Ferguson et al., 2002; Hassan et al., 2013).  This 
phenomenon is called tracer slowdown in the literature (Ferguson and Hoey, 2002) 




Figure 1.1. Schematic representation of active layer and continuous framework. 
(a) La is the thickness of active layer and ?̅? is the local mean bed elevation. (b) 
shows the probability of entrainment at active layer model and the second (right) 






















MODEL FORMULATION  
 
In models of river morphodynamics the changes in mean channel bed 
elevation associated with aggradation and degradation are computed with the 
Exner equation of sediment mass conservation coupled with a hydraulic model 
and a sediment transport model (Hirano, 1971; Borah et al., 1982; Misri et al., 1984; 
Ribberink, 1987; Bridge and Bennett, 1992; Armanini, 1995; Parker et al., 2000).  
The flow hydraulics is generally modeled with the shallow water equations 
of conservation of flow mass and momentum, the bed material load and/or the 
entrainment rates of particles in transport are computed with empirical relations 
(Wong et al., 2007, Wilcock and Crowe, 2003). When an entrainment/deposition 
formulation is used to model sediment transport, the deposition rate can be 
estimated with a step length formulation, as further discussed in the continuing of 
this chapter.  
To keep the focus of this study on the morphodynamic modeling of tracer 
dispersal with the PPL framework, the problem is further simplified with the 
13 
following assumptions and approximations, some of which can be easily relaxed 
for site-specific applications: 
1. The volumetric bed material load is assumed to be orders of magnitude 
smaller than the flow discharge so that the time scales of bed elevation change 
are much longer than the time scales at which the flow adjusts to the changes 
in mean bed elevation. The flow equations are thus simplified with the quasi-
steady approximation (DeVries, 1965). The time dependence in the flow 
equations is dropped and the shallow water equations are reduced to the 
steady, gradually varied flow form.  The problem is further simplified with 
the assumption that the flow is locally uniform (e.g. Parker, 2004);  
2. The bed material is modeled in terms of a single characteristic grain size d 
and it is preferentially transported as bedload. In other words, the suspended 
bed material load is not accounted for;  
3. The channel cross section is assumed to be rectangular with a spatially 
constant channel width; 
4. The tracer stones have the same size and density of the bed material; 
5. The particle step length, which is the average distance a particle travels once 
entrained in bedload transport before being deposited on the channel bed, is 
assumed to be constant and equal to its mean value (Einstein, 1937; 
14 
Nakagawa and Tsujimoto, 1976; Schmidt and Ergenzinger, 1992; Wilcock, 
1997a; Habersack, 2001, Wong et al., 2007); and 
6. The flow regime is lower plane-bed, i.e. small scale bedforms such as dunes 
are absent.  
 
2.1. GOVERNING EQUATIONS FOR THE FLOW 
Governing equations for the flow are the shallow water equations for open 
channel flow, which are two partial differential equations expressing the 
conservation of flow mass and momentum.  The one-dimensional form for a 





















             (1b) 
where x is a streamwise coordinate, t (s) a temporal coordinate, H (m) the flow 
depth, U (m/s) the mean flow velocity, g (m/s2) the acceleration of gravity, S the 
channel bed slope and Cf a non-dimensional friction coefficient which is assumed 
to be constant.  
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The time dependence in equations (1a) and (1b) is dropped for the quasi 
steady approximation and the flow is further assumed to be locally uniform 
(assumption/approximation 1).  Thus, the shallow water equations simplify to: 




              (2b) 
where, qw (m2/s) represents the flow discharge per unit channel width. 
 
2.2. GOVERNING EQUATIONS FOR THE SEDIMENT 
The 1D form of the Exner equation expresses the conservation of sediment 
in a control volume with uniform width, streamwise length Δx and mean bed level 
?̅? (Figure 2.1.a). The equation of sediment conservation can be expressed in two 
equivalent forms: the divergence form and the entrainment form (Tsujimoto 1978 
and 1991; Ribbernik, 1987; Ashida et al., 1989).   
The divergence form of the Exner equation relates the time rate of change 
of mean bed elevation to the spatial changes of the volumetric bed material load, 







                (3) 
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 where 𝜆𝑝 denotes the bulk porosity of the alluvial deposit, ?̅? (m) is the mean, i.e. 
averaged over the short-term bed level changes, channel bed elevation, qb (m2/s) is 
the total (i.e. summed over all the grain types) volumetric bed material load per 
unit channel width.  
The entrainment formulation of the Exner equation relates the time rate of 
change of the mean bed elevation to the difference between the total volume rate 
of entrainment of bed sediment in transport per unit area per unit time, E (m/s), 





= 𝐷 − 𝐸                (4) 
The equivalence of the divergence and the entrainment form of Exner 
equation when the length of the modeled domain, L, is long compared to the 
particle step length, Λ, (Λ/L < 0.01) can be demonstrated as follows (Parker et al., 
2000; Pelosi and Parker, 2014).  
The entrainment rate at each location of the channel bed, E, can be 
computed with an empirical relation as a function of the bed shear stress and of 
the characteristics of the bed material (e.g. Tsujimoto and Motohashi, 1991, Wong 
et al., 2007). In a step length formulation the deposition rate D at the generic 
location x in the channel is defined as the sum of all the particles that are entrained 
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in transport upstream of x and that are deposited at x. Thus, the deposition rate 
can be expressed as:  
𝐷(𝑥) = ∫ 𝐸(𝑥 − 𝑟)𝑓Λ(𝑟)𝑑𝑟
+∞
0
               (5) 
where and r denotes the distance upstream of the location x where particles are 
entrained in transport, i.e. r = 0 at x, and r = +∞ far upstream of the location x, and 
fΛ denotes the probability that a particle once entrained in transport travels a 
distance  𝛬 before being deposited on the channel bed.  Under the assumption of 
constant step length (assumption/approximation 5), equation (5) simplifies to: 
𝐷(𝑥) = 𝐸(𝑥 − Λ)                 (6) 
 In a step length formulation, the volumetric bedload transport rate per unit 
channel width at the generic location x is equal to the sum of all the particles that 
are entrained in transport upstream of x and that are deposited downstream of x.  
Thus, in mathematical form, qb can be expressed as: 






              (7) 
where r’ is a downchannel coordinate. In the case of constant particle step length 
considered here, equation (7) simplifies to: 
𝑞𝑏 = ∫ 𝐸(𝑥 − 𝑟)𝑑𝑟
Λ
0
                 (8) 
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 Taking the derivative in the x direction of equation (8), the equivalence 
between the divergence and the entrainment form of the one-dimensional 






∫ 𝐸(𝑥 − 𝑟)𝑑𝑟
Λ
0
                  (9) 
 The integral on the right hand side of equation (9) is solved with the 
following substitution: 
𝜔 = 𝑥 − 𝑟  so that    𝑑𝜔 = −𝑑𝑟                               (10) 










              (11) 
 The integral on the right hand side of equation (11) can be solved with the 









+ 𝐸(𝑥) − 𝐸(𝑥 − Λ) = 𝐸(𝑥) − 𝐷(𝑥)         (12) 
and the equivalence between the entrainment and the divergence form of the 
Exner equation is proved.  
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2.2.1. Discrete, active layer-based conservation of tracer stones 
The Exner equation expresses the conservation of channel bed sediment in 
a control volume bounded in the vertical direction by a material boundary (i.e. 
zero sediment flux) deep inside the alluvial deposit and by the mean bed elevation 
(Figure 2.1b).  The conservation of tracer stones in this control volume can be 
expressed as follows: the time rate of change of tracer stones in the control volume 
is equal to the net entrainment rate of tracer stones in bedload transport.  In 








= 𝐷𝑡 − 𝐸𝑡             (13) 
where z is an upward oriented vertical coordinate with origin on a datum, z = -∞ 
denotes a surface deep inside the alluvial deposit, ft denotes the volume fraction 
content of tracer stones in the alluvial deposit at the streamwise location x, 
elevation z and time t, ?̅? is a function of x and t, Dt and Et respectively denote the 
deposition and entrainment rates of tracers.   
The active layer approximation is introduced to compute the derivative of 
the integral on the left hand side of equation (13).  In active layer-based models, 
the volume fraction content of tracers in the mixed active layer, Ft, is a function of 
x and t, while the volume fraction content of tracers in the substrate is equal to 𝑓𝑡
′, 
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which is a function of x and z.  The volume fraction content of tracer stones in the 
substrate can only change for channel bed aggradation and degradation.  Thus, 











) = 𝐷𝑡 − 𝐸𝑡           (14) 
with La denoting the thickness of the active layer.  
 The Leibniz rule is applied to solve the first integral on the left hand side of 
equation (14), and the second integral is equal to FtLa because Ft is not a function 
of z. The active layer-based equation of tracer stones, thus, takes the form: 






] = 𝐷𝑡 − 𝐸𝑡            (15) 
where fIt denotes the volume fraction content of tracer stones at the active layer-
substrate interface, which is equal to the volume fraction content in the topmost 
layer of the substrate in case of channel bed degradation, and to an average 
between the volume fraction content of tracers in the active layer and in bedload 
transport in case of channel bed aggradation (Hoey and Ferguson, 1994).  
 At mobile bed equilibrium or over temporal scales that are short compared 
to those characterizing the changes in mean channel bed elevation, the first term 
on the left hand side of equation (15) is set equal to zero and the equation of 
conservation of tracer stones in the alluvial deposit reduces to an equation of 
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conservation of tracers in the active layer.  Thus, recalling that the active layer is a 
mixed layer, and that the sediment fluxes between the active layer and the 
substrate are equal to zero, the sediment sorting associated with the presence of 
short-term changes in bed elevation cannot be captured.  
 
2.2.2 Continuous, probabilistic-based conservation of uniform sediment 
To overcome the limitations of active layer-based models Parker et al. (2000) 
introduced the continuous, probabilistic-based PPL modeling framework of 
conservation of bed material.  The geometry is schematically represented in Figure 
(2.2a) where the brown line shows the temporal changes in bed elevation around 
the mean bed elevation, which is indicated with the dashed black line.  
Fundamental assumption of the PPL framework is that the short changes in 
bed elevation are statistically uniform in space and time over spatial scales that are 
small compared to the length of the modeled domain and over time scales that are 
short compared to the time scales of channel bed aggradation and degradation, so 
that they can be described in terms of probability functions.  
If we draw a line at elevation z not too far from the mean bed elevation, part 
of the line will fall within the alluvial bed and part of the line will fall in the water. 
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The fraction of the blue line that falls within the deposit in Figure (2.2a) is denoted 
with Ps and represents the average fraction of time that the bed deposit is higher 
than z.   
As the line moves toward the water, Ps tends to zero, i.e. the line will 
eventually be entirely in water.  If the line moves deep inside the alluvial deposit, 
Ps tends to 1, i.e. the line will eventually fall entirely in the alluvial deposit. Thus, 
the function Ps(z), represented by the green line in Figure (2.2b), can be interpreted 
as the probability of exceedance of the bed elevations, that is the probability that 
at a certain point in time the bed elevation is higher than elevation z.  The 
probability distribution function of bed elevations, pe (orange line in Figure (2.2b)), 
denoting the probability that an instantaneous realization of bed elevation is at 




                (16) 
 
The conservation of total (summed over all the grain types) bed material at 
elevation z (elevation-specific) is expressed as follows: the time rate of change of 
bed material at elevation z in the alluvial deposit is equal to the net entrainment of 
particles at elevation z.  In mathematical terms the elevation-specific equation of 




= 𝐷𝑧 − 𝐸𝑧              (17) 
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where Dz and Ez respectively denote the deposition and entrainment rates of bed 
material at elevation z. When equation (17) is integrated over the entire alluvial 
deposit, the entrainment form of the Exner equation, equation (4), is recovered.   
 
The integration of equation (17) in the vertical direction is done with the 
introduction of a downward oriented vertical coordinate y with origin on the mean 
channel bed elevation, 𝑦 = ?̅? − 𝑧 .  In the y coordinate system, the probability 
distribution function of bed elevations pe is defined as 𝑝𝑒 = 𝜕𝑃𝑠 𝜕𝑦⁄ . Noting the 
entrainment and deposition rates at elevation z are equal to the entrainment and 
deposition rates at elevation y, i.e. Dz = Dy and Ez = Ey, the entrainment rates E and 
D are equal to the sum of the elevation-specific rates of entrainment and deposition 
rates over the entire alluvial deposit, that is: 
𝐷 = ∫ 𝐷𝑦𝑑𝑦
+∞
−∞
;     𝐸 = ∫ 𝐸𝑦𝑑𝑦
+∞
−∞
              (18) 
The time dependence of Ps in the y coordinate system is associated with 1) 
the time rate of change in mean bed elevation, and 2) the changes in flow regime, 
e.g. plane bed or dune (Simons and Richardson, 1962).  
Noting that 1) small scale bedforms such as dunes are rarely present in 
gravel bed rivers (Parker and Klingeman, 1982), and 2) Wong et al., (2007) showed 
that in the case of lower-regime plane bed Ps can be modeled as a function of the 
flow characteristics and sediment properties, we assume that Ps can, in general, be 
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considered a function of the Shields number defined as 𝜏∗ = 𝜏𝑏 (𝜌𝑅𝑔𝑑)⁄  with 
𝜏∗denoting the bed shear stress, 𝜌 the water density, R the submerged specific 
gravity of the sediment and d the characteristic sediment size (Wong et al., 2007).  
Further studies are needed to identify the dependence of Ps from other parameters 
characterizing the flow regime in the presence of bedforms.   





















           (19) 
Integrating equation (17) over the alluvial bed with the aid of equations (18) and 
(19), and recalling that the integral of pe over the entire deposit is equal to 1, the 













           (20) 
 Equation (20) is the generalized form of the equation of conservation of bed 
material, which includes the effects of the temporal changes in flow condition on 
the mean bed elevation (Parker et al., 2000).  In other words, the difference between 
equation (20) and the entrainment form of the Exner equation, equation (4), is the 
last term on the right hand side of equation (20). 
 
25 
2.2.3 Continuous, probabilistic-based conservation of tracer stones 
The derivation of the equation of mass conservation of tracer stones in the 
alluvial deposit in the PPL framework follows the same steps of the derivation of 
the general form of the Exner equation, equation (20).  The conservation of tracer 
stones at elevation z (or y) in the deposit is first imposed and then the elevation-
specific equation of mass conservation is integrated over the entire deposit.  
The elevation-specific form of the mass conservation of tracer stones in the 




(𝑓𝑡𝑃𝑠) = 𝐷𝑦𝑡 − 𝐸𝑦𝑡             (21) 
where Dyt and Eyt respectively denote the elevation-specific deposition and 
entrainment rates of tracer stones.   
Recalling that in the y coordinate system Ps is a function of time for the 
changes in mean bed elevation and of the flow regime, *, and that ft is a function 
of time and elevation y, with the aid of equation (19) equation (21) can be written 
as: 
















)] = 𝐷𝑦𝑡 − 𝐸𝑦𝑡                               (22) 
 At mobile bed equilibrium, i.e. when the mean bed elevation and the flow 





= 𝐷𝑦𝑡 − 𝐸𝑦𝑡                         (23) 
and the time rate of change of the volume fraction content of tracer stones can be 
computed at different elevations in the alluvial deposit.   
 
The comparison between equations (15), (22) and (23) illustrates the main 
difference between an active layer-based model and the continuous 
morphodynamic framework.   
Active-layer based models are not able to reproduce the vertical variation 
of sediment characteristics in the topmost part of the bed deposit because the 
active layer is modeled as a mixed layer (no change in the z direction).  Further, in 
the absence of changes in mean channel bed elevation the sediment fluxes between 
the active layer and the substrate are equal to zero, so that the sediment 
characteristics in the deepest part of the alluvial bed cannot change in time.  
Finally, in active layer models a change in flow regime can only be accounted for 
by imposing a change in the active layer thickness, which is not sufficient to model 
the sediment fluxes associated with bed elevation changes associated with bed 
material transport and bedform migration.   
The derivation of equations (22) and (23) was performed with no 
assumptions on characteristics of the function ft, which is the problem unknown.  
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Thus, at equilibrium (or at short time scales) ft can vary in space and time due to 
the changes in mean bed level associated with the sediment transport processes, 
equation (23).  At longer time scales, ft can also vary due to changes in mean bed 
elevation and flow regime, equation (22).   
 
 The integration of the elevation-specific equation of conservation of tracers 
over the alluvial deposit should result in an equation of conservation comparable 
with the active layer-based equation of conservation of tracers - equation (15).  
Following Viparelli et al. (2017), the deposit is divided in two regions, the region 
below the maximum probable depth of scour below the mean channel bed 
elevation, Lms, where Ps  1, Dy  0, Ey  0, and the zone above the maximum 
probable depth of scour, y < Lms, where Ps < 1, Dy and Ey are not necessarily equal 
to zero.   
The integration of equation (22) over the alluvial deposit is presented 
below:  






= ∫ (𝐷𝑦𝑡 − 𝐸𝑦𝑡)𝑑𝑦
+∞
−∞
         (24) 
 The right hand side of equation (24) is equal to the sum of all the tracer 
particles deposited in the alluvial bed at location x per unit area and per unit time 
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minus the tracer particles eroded at location x from the alluvial deposit per unit 
area and per unit time, that is Dt – Et.  
The integration on the left hand side of equation (24) requires a bit more 
care.  Noting that the limits of integration represent elevations far away from the 
mean bed elevation where Ps = 0 and Ps = 1, the integral of the derivative is equal 













                        (25) 
 The integral is then expressed as the sum of two terms, the deposit above 
the maximum possible depth of scour (-∞ < y < Lmr) and the deposit below the 
maximum possible depth of scour (Lmr ≤ y < +∞).  It is important to note here that 
the maximum possible depth of scour Lmr depends on the flow regime and thus 
can be expressed as a function of the bed shear stress, in agreement with the time 
derivatives of the bed shear stress in equations (19) and (22).  The integral of 


















                     (26) 
 The first integral on the right hand side of equation (26) is equal to the 
volume of tracers in the active layer per unit bed area, FtLa, divided by (1 - p). The 



















                   (27) 
where fIt represents the volume fraction content of tracers at elevation y = Lms.   
Recalling that elevation y = Lms corresponds to elevation 𝑧 = −?̅? + 𝐿𝑚𝑠, with 
the aid of equations (27) the equation of conservation of tracer stones in the alluvial 
deposit, equation (24) takes the form: 






] = 𝐷𝑡 − 𝐸𝑡          (28) 
 The fundamental difference between equation (28) and the active layer-
based conservation of tracer stones, equation (15), is in the term describing the 
exchange of sediment between the active layer and the substrate for changes in the 
elevation of the active layer-substrate interface, 𝑓𝐼𝑡
𝜕(?̅?−𝐿𝑚𝑠)
𝜕𝑡
, where the time 
derivative of Lms is equal to the time derivative of La, defined as the integral of Ps 
between Lms and +∞.  
In the reduction of the continuous, probabilistic framework to a discrete 
form, the active layer thickness is equal to the average volume of sediment per unit 
bed area above the maximum possible depth of scour, i.e. integral of Ps between 
Lms and -∞ .  Thus, La is directly dependent on the characteristics of the short-term 
changes in bed elevation.  The dependence of the mean bed elevation on the 
changes in flow regime explicitly shown in equation (20) is implicitly present in 
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equation (23) because Lms depends on the magnitude of the bed elevation around 
the mean bed elevation, and thus it changes with flow regime.  
 
2.3. CALCULATION OF THE ENTRAINMENT AND DEPOSITION RATES 
 The entrainment rate of particles in bedload transport can be computed 
with empirical relations as a function of the bed shear stress and of the bed 
material characteristics (e.g. Tsujimoto and Motohashi, 1991, Wong et al., 2007).  In 
this work, the Wong et al. (2007) entrainment relation was used for the model 
validation at laboratory scale to reduce the sources of errors, because it was 
derived based on the same experiments on tracer dispersal used for the model 
verification.  
The Wong et al., (2007) entrainment relation takes the form  
𝐸 = √𝑅𝑔𝑑 0.05 (𝜏∗ − 0.0549)1.85       (29) 
Due to the lack of empirical relations to compute the entrainment rate of 
particles in bedload transport at field scales, the entrainment rate for the field scale 
model application was computed as the ratio between the volumetric bed material 
transport capacity of the flow and the average particle step length (Einstein, 1950; 
Blom & Parker, 2004).  Viparelli et al., (2017) used this approach in the application 
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of the PPL framework on the Trinity River, California, and their model predictions 
were in reasonable agreement with the field observations in terms of bed slopes 
and bed surface sediment size distribution.  For the field scale simulations 
presented in chapter 4 of this thesis, the Wong and Parker (2006) version of the 
Mayer-Peter and Muller bedload transport model was used.  This bedload 
transport relations expresses the non-dimensional bedload transport rate (Einstein 
number) q* as a function of the excess Shields stress as follows  
𝑞∗ =  3.97 (𝜏∗ − 0.0495)1.5        (30) 
where the Einstein number is defined as: 
𝑞∗ = 𝑞𝑏 (√𝑅𝑔𝑑𝑑)⁄           (31) 
with qb denoting the volumetric bed material load per unit channel width.  
  
The deposition rates at laboratory and field scales are computed with a step 
length formulation, in which the particle step length is assumed to be constant and 
equal to 80 - 250 grain diameters (Einstein, 1942, 1950, Nakagawa et al., 1982, 
Tsujimoto & Motohashi, 1990).  For the model verification at laboratory scale, the 
Wong et al. (2007) relation linking particle average step length with the Shields 
number was used to reduce the errors associated with the particle deposition 
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model.  The Wong et al. (2007) relation to compute particle step length in lower 
regime plane bed conditions is:  
𝛬 = 𝑑 ∗ 53.2 (𝜏∗ − 0.0549)−0.35                        (32) 
 As discussed at the beginning of this chapter, in the case of a constant 
particle step length, the deposition rate at a location x is equal to the entrainment 
rate of particles into bedload transport at location x-Λ, equation (1b).   
The elevation specific entrainment and deposition rates are computed as 
the product of E and D and probability density functions of entrainment and 
deposition at elevation y, that is: 
𝐸𝑦 = 𝐸𝑝𝐸   and 𝐷𝑦 = 𝐷𝑝𝐷          (33) 
where pE and pD respectively denote the probability density functions of 
entrainment and deposition at elevation y.  The integral of pE and pD over the entire 
alluvial deposit is by definition equal to 1.  
 
2.3.1 Entrainment and deposition of tracer stones 
 The entrainment of tracer stones in the bed deposit at elevation y, Eyt, is 
computed as the product of the entrainment rate of particles in the deposit at 
elevation y, Ey, and the volume fraction content of tracers at elevation y, ft, that is: 
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𝐸𝑦𝑡 = 𝐸𝑦𝑓𝑡 = 𝐸𝑝𝐸𝑓𝑡              (34) 
 In this formulation Ey represents the capacity of the flow to entrain particles 
in transport and ft represents the availability of tracers at elevation y.  If there are 
no tracers at elevation y, Eyt = 0 even when the flow is able to entrain particles in 
transport at that elevation.  
  
The deposition rate of bed material at elevation y, Dy, is equal to the 
deposition rate D times the probability of particle deposition at elevation y, pD.  In 
the case of constant particle step length, 𝐷(𝑥) = 𝐸(𝑥 − Λ), so the elevation specific 
deposition rate of bed material is: 
𝐷𝑦(𝑥) = 𝐸(𝑥 − Λ)𝑝𝐷 = [∫ 𝐸𝑦(𝑥 − Λ)𝑝𝐸𝑑𝑦
+∞
−∞
]𝑝𝐷                     (35) 
 The elevation specific deposition rate of tracer stones, Dyt, is equal to the 
deposition rate of tracer stones Dt times the probability that a particle is deposited 
at elevation y, pD. In a constant step length formulation Dt at location x is equal to 
the entrainment rate of tracers at location x – Λ . Thus, the elevation specific 
deposition rate of tracers is: 
𝐷𝑦𝑡 = 𝐸𝑡(𝑥 − Λ)𝑝𝐷 = 𝐸(𝑥 − Λ)(∫ 𝑝𝐸𝑓𝑡𝑑𝑦
+∞
−∞
)𝑝𝐷 = 𝐸(𝑥 − Λ)𝑓𝑡𝑟𝑝𝐷                 (36) 
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where the integral over the alluvial deposit of the product between the probability 
of entrainment and the volume fraction content of tracers, pEft, represents the 
volume fraction content of tracers in transport, ftr. 
 
2.4. GOVERNING EQUATIONS AT EQUILIBRIUM 
 Equation (17) can be expressed in the y coordinate with the aid of equations 
(19) and (33) as: 








) = 𝐷𝑝𝐷 − 𝐸𝑝𝐸                      (37) 
 At equilibrium the time derivatives on the left hand side of equation (37) 
are equal to zero because they refer to values averaged over the short term changes 
in bed elevation, and equation (37) reduces to: 
𝐷𝑝𝐷 = 𝐸𝑝𝐸                                     (38) 
  
At equilibrium the flow characteristics averaged over the short term bed 
elevation changes are constant in time and space (Blom et al., 2016 and references 
therein).  Thus, if the entrainment rate is computed as a function of the Shields 
number, e.g. with equation (29), E will be constant in space and time over time 
scales that are long compared to those characterizing the bed level changes 
35 
associated with bed material transport and bedform migration.  In general, the 
deposition rate can be computed with equation (1a) that at mobile bed equilibrium 
reduces to: 
𝐷(𝑥) = 𝐸(𝑥)                (39)  
Equation (39) shows that at equilibrium the entrainment and the deposition 
rate are equal. Thus, replacing equation (39) in equation (38) it is found that at 
equilibrium also the probability density functions of particle entrainment and 
deposition must be identical, i.e. pD = pE, and the elevation specific equation of 
conservation of tracer stones in the deposit, equation (23), can be simplified as 




= 𝐸𝑝𝐸(𝑓𝑡𝑟 − 𝑓𝑡)                       (40)  
 
2.5. NUMERICAL IMPLEMENTATION 
 The model initial condition is specified in terms of a profile of bed mean 
bed elevation ?̅?(𝑥, 𝑡 = 0) and a specified volume fraction content of tracer stones 
in the alluvial deposit, ft(x, z, t = 0).   
The upstream boundary conditions are the flow rate Qw and the volumetric 
sediment feed rate Qfeed. When the entrainment form of the Exner equation is used, 
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Qfeed is divided by the channel width B and by the particle step length  to obtain 
a reasonable boundary condition for Exner equation.  If tracers are supplied at the 
upstream end of the modeled domain, either the feed rate of tracer stones or the 
volume fraction content of tracers in the alluvial deposit upstream of the modeled 
reach have to be specified to solve the equations of tracer conservation.  Due to the 
quasi-normal flow approximation, the downstream boundary condition is 
specified in terms of a fixed bed elevation (Parker, 2004).  
 
 The computational domain is divided in N-1 intervals bounded by N 
computational nodes.  The bed material is fed in a ghost node (ghost reach in the 
case of an entrainment formulation), where the flow characteristics and the bed 
elevation are not computed (Parker, 2004; Pelosi and Parker, 2014). The flow depth 
is computed everywhere in the modeled domain with equation (3) and the bed 
shear stress is then estimated as 𝜏𝑏 = 𝜌𝑔𝐻𝑆, with H denoting the local flow depth 
and S the local bed slope.   
The entrainment and deposition rates of bed material and tracer stones are 
then estimated in all the computational nodes.  The Exner equation is solved to 
determine the time rate of change of mean bed elevation, and the elevation specific 
equation of conservation of tracer stones is solved to update the volume fraction 
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content of tracers in the deposit.  The computational procedure is repeated until 
the system reaches a condition of equilibrium or when a specified time period has 
been simulated.   
The model governing equations are numerically solved with a first order 
finite difference scheme in space and time. The time step in the simulations is a 











Figure 2.1. Schematic representation of the control volume to derive the equation 
of conservation of bed material. (a) uniform bed material case, (b) layer-based 
approach for the conservation of tracers and nonuniform material. La is the 
thickness of active layer and ?̅?  is the local mean bed elevation, x and z are a 
streamwise and a vertical coordinate, E and D denote the average entrainment and 
deposition rates per unit area respectively. Subscript t indicates the parameter 





Figure 2.2. Schematic representation of the temporal changes in mean bed 
elevation. The mean bed elevation is drawn by red line in (a) and the sum of the 
thick blue strips is equal to fraction of sediment and pores at a given elevation z, 
which is equal to PS(z). ?̅?  is the local mean bed elevation and 𝑝𝑒(𝑧)  is the 
probability that the bed is at elevation z is in the sediment bed which is shown by 













MODEL VALIDATION AT LABORATORY SCALE 
 
While there is increasing interest in modeling short term sedimentary 
processes with a probabilistic approach (e.g. Paola and Borgman, 1991; Singh et 
al., 2009, 2011, 2012; Ganti et al., 2010, 2011; Martin et al., 2012, 2014a,b; Phillips et 
al., 2013) and in incorporating this probabilistic approach into continuous 
morphodynamic models (Pelosi and Parker, 2014; Pelosi et al., 2016; Viparelli et 
al., 2017), a quantitative validation of the PPL modeling framework against 
experimental and field observations has not yet been performed.   
Here we present the verification of the PPL framework at laboratory scale 
for the case of bedload transport of uniform pea gravel under conditions of mobile 
bed equilibrium. Model predictions are compared against the Wong et al. (2007) 
experimental results.   
The Wong et al. experiments were specifically designed to 1) study the 
dispersal of tracer stones under lower regime plane bed equilibrium conditions, 
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and 2) determine functional relationships linking the probability density functions 
pe, pE and pD with parameters describing the flow and the sediment characteristics.  
The comparison between the Wong et al. (2007) experimental results and 
the results of the PPL framework was done in two steps.  First, the model was run 
until the flow and the sediment transport reached conditions of mobile bed 
equilibrium with the same flow and feed rates used in the experiments.  Numerical 
and experimental equilibrium water depths and bed slopes were then compared 
to determine if the proposed framework and the relations used to model particle 
entrainment and deposition were able to reasonably capture the large scale 
morphodynamics in terms of bed elevations and water depths.   
The second part of the model verification phase consisted in the comparison 
of experimental measurements and numerical predictions of the number of tracers 
found at different elevations and locations in the deposit.  This part of the model 
verification required the definition of a procedure to convert the number of tracers 
recovered in different locations and at different elevations in the deposit in a 
continuous function expressing the spatial variability of the volume fraction 
content of tracers in the deposit and vice versa.   
This chapter is organized as follows, first the characteristics of the Wong et 
al. (2007) experiments that are relevant for this work are presented, then the 
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procedure to convert the number of tracers in volume fraction content is described, 
and the model verification is finally presented.  
 
3.1. OVERVIEW OF THE WONG ET AL. (2007) EXPERIMENTS 
Wong et al. (2007) performed 10 experiments with different combinations 
of flow discharge and sediment supply in a 0.5 m wide, 22.5 m long and 0.9 m deep 
sediment feed flume at the Saint Anthony Falls Laboratory, University of 
Minnesota, Minneapolis.  The sediment was uniform pea gravel with characteristic 
grain size of 7.1 mm.   
Each experiment was composed of eight runs of different duration.  Each 
run started with an equilibration phase.  At equilibrium, time series of bed 
elevation were measured to experimentally determine the function Ps.  Then 
sediment was removed from four locations and four layers of tracer particles 
differing in color were installed in the deposit.  Each tracer installation had an area 
of 0.1 m x 0.1 m, was 3-3.5 cm deep and was filled with 4 layers of tracers with 
different colors, with each layer containing ~200 colored stones.   
The topmost layer of each tracer installation was located on the bed surface 
and three layers were then placed in the bed deposit, as illustrated in Figure (3.2).  
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Two installations were located at x = 6.75 m, i.e. 6.75 m downstream from the flume 
entrance, at a distance of ~ 0.17 m from the left and right flume sidewalls.  The 
other two installations were located at the center of the laboratory flume at x = 7.75 
m and x = 8.75 m.   
When the tracers were installed, the flow and the sediment feed were 
turned on and tracer dispersal was measured after 2, 15, 30, 60 and 120 minutes.  
Two additional runs of duration ranging between 90 seconds and 300 seconds 
were also performed to measure the particle virtual velocity (Wong et al., 2007).  
Wong et al. (2007) reported measurements of the number of tracer stones 
found at different locations in the flume at the end of each experimental run, and 
proposed functions linking the bed shear stress and the sediment properties with 
1) the entrainment rate E - equation (29), 2) the average particle step length – 
equation (9), 3) the probability functions Ps, pE and pD, and 4) the average particle 
virtual velocity and its probability density function.  
 
3.1.1) Short-term changes in bed level 
The analysis of the time series of bed elevation change allowed Wong et al. 
to determine the shape and the characteristics of the function Ps, i.e. the probability 
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that the bed level is smaller or equal than a certain elevation y, and to express them 
as functions of the Shields number.  In particular, Wong et al. defined the 
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 (41) 
where σy is the standard deviation of the bed levels defined as: 




              (42) 
 The comparison between time series of bed elevation changes recorded in 
different experiments revealed that the variability of bed levels around the mean 
value, i.e. 𝜎𝑦 , is an increasing function of the Shields number when the bed 
configuration is lower regime plane bed.  In particular, Wong et al. (2007) 




= 3.09(𝜏∗ − 0.0549)0.56             (43) 
Discrete Element Method modeling of the Wong et al. experiments recently 
performed by Ghasemi et al. (in preparation) were used to numerically compute 
Ps and this study, in agreement with the experimental observations, shows that in 
lower regime plane bed 1) the amplitude of the bed elevation fluctuations around 
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the equilibrium bed elevation increases with the shear stress, and 2) a Gaussian 
distribution reasonably captures the temporal variability of the instantaneous bed 
elevations.  Thus, the Gaussian distribution proposed by Wong et al. (2007) and 
Ghasemi et al. (in preparation) was used for the model verification at laboratory 
scale. 
 It is important to mention here that the logic used to validate the 
morphodynamic framework presented herein is not circular.  In the first phase of 
the model verification, the calculations started from disequilibrium conditions and 
the model was allowed to reach equilibrium on its own, with no value prescribed 
in advance for channel slope or water depth.  Similarly, in the second phase of the 
model verification, the model started from the numerical equilibrium conditions 
obtained at the end of phase 1 and was allowed to evolve on its own for a specified 
duration, equal to the duration of the laboratory experiments.  In other words, the 
use of empirical relations based on the results of the Wong et al. (2007) laboratory 
experiments and the Ghasemi et al. (in preparation) numerical experiments is not 
a sufficient condition to obtain a reasonably good agreement between 
morphodynamic calculations and laboratory experiments as further discussed 
below.  A reasonable agreement between morphodynamic modeling and 
laboratory experiments could not be found, if the PPL framework tested herein 
was not able to capture the relevant processes controlling tracer stone dispersal.  
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3.1.2) Probability of entrainment and deposition 
Based on the experimental results Wong et al. proposed probability density 
functions of entrainment and deposition and to characterize the particle step 
length – equation (32).  The proposed functional relations for pE and pD respectively 














)            (44.b) 
       
where yo is an offset distance characterizing equilibrium conditions that Wong et 
al. hypothesized to be equal to 0.25d, i.e. below the mean bed elevation, and y1 is 
an additional offset distance that may characterize disequilibrium conditions, i.e. 
conditions in which the average bed elevation ?̅? is not constant in time. Since the 
experiments were performed at equilibrium, a formulation to estimate y1 was not 
proposed.   
The dependence of equations (44.a) and (44.b) on the flow characteristics is 
expressed by equation (43), i.e. the more intense is the bedload transport, the 
higher is the standard deviation of bed level changes and the deeper in the deposit 
particles can be entrained and deposited.   
47 
The implementation of equations (44) in the PPL framework illustrated in 
chapter 2, however presents a serious drawback.  Equations (23) and (40) are 
solved to compute the time rate of change of the volume fraction content of tracer 
stones at elevation z in different locations along the channel.  Here, for illustration 
purposes, we refer to equilibrium conditions and thus the elevation specific 
equation of conservation of tracers at equilibrium, equation (40), is considered.   
To compute the time rate of change of volume fraction content of tracers, 






(𝑓𝑡𝑟 − 𝑓𝑡)                         (40)  
where E is a function of the flow characteristics and does not change in the vertical 























where y1 has been set equal to zero because equilibrium conditions are considered.  
The limit of this ratio is equal to zero deep down in the bed deposit where y = + ∞, 
and goes to infinity in the water column far away from the where y = - ∞. 
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Based on Discrete Element Method simulations Ghasemi et al. (in 
preparation) proposed the following Gaussian distribution for the probability of 












]                       (14.c) 
When this equation is used in the PPL framework, the limit for y = - ∞ of 
the ratio pE/Ps is a finite number close to the mean bed elevation so that the 
equation of conservation of tracers can be numerically integrated.  
 
3.1.3) Particle virtual velocity 
 Wong et al., (2007) expressed the average particle virtual velocity, Uvir, with 
an increasing function of the Shields number and the probability density function 
of particle virtual velocity, pvir, with a two-parameter gamma distribution.  The 
proposed relations respectively take the form:  
𝑈𝑣𝑖𝑟
√𝑅𝑔𝑑






𝑒𝑥𝑝(−𝜆?̂?𝑣𝑖𝑟)             (46) 
where k is the shape parameter and 𝜆 is the scale parameter respectively equal to 
0.85 and 0.55 and Ûvir denotes the non-dimensional particle virtual velocity defined 
as Uvir/Uvir-50, with Uvir-50 being the median particle virtual velocity.  The mean value 
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of the non-dimensional particle velocity ?̅?vir for the probability density function of 
equation (46) is 1.54 (Wong et al., 2007).  
 
3.2. PROCEDURE TO CONVERT THE NUMBER OF TRACERS TO VOLUME 
FRACTION CONTENT AND VICE VERSA 
The Wong et al. (2007) experimental data on tracer dispersal were 
organized into two different categories, tracers found on the deposit surface and 
tracers that were buried in the deposit, with the bed surface being experimentally 
defined as the topmost layer of the deposit at the end of an experimental run with 
thickness of ~1 grain diameter. Further, the tracer installations were divided in 
four layers ~1 grain diameter thick.  The first layer was on the bed surface and the 
other three layers were buried in the alluvial deposit.  
The numerical model presented herein is continuous in the vertical 
direction, and the model results are also continuous in the vertical direction. So 
the first step in the definition of a physically based procedure to compare the 
numerical results and experimental data was the definition of a numerical bed 
surface and a numerical buried deposit.  
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To simplify the problem, we assumed that all the sediment particles had a 









                                                                                                           (47) 
The volume of sediment on the bed surface for each computational node 
was computed as follows: 
𝑉𝑠𝑢𝑟𝑓𝑎𝑐𝑒 = (1 − 𝜆𝑝)∆𝑥𝐵 ∫ 𝑃𝑠𝑑𝑦
𝑦𝑠
−∞
                                                                                   (48) 
where ∆x is the distance between two computational nodes, B is the width of the 
channel, 𝜆p is the bed material porosity which is set equal to 0.4 in the numerical 
runs, Ps is the cumulative distribution function of the bed elevations.  
The upper limit of integration of the integral, ys, is computed by imposing 
that the thickness of the surface layer (equal to the integral of Ps between -∞ and 
ys) is equal to a particle diameter d to be consistent with the Wong et al. (2007) 
definition of bed surface. In the first and last computational nodes equation (48) is 
divided by 2, because the upstream and downstream parts of the intervals of 
length ∆ x with center on the computational nodes are not within the model 
domain.  
A schematic illustration of the problem geometry is presented in Figure 
(3.1) where  ?̅?  is the mean bed elevation, y is a downward oriented vertical 
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coordinate with origin on the mean channel bed elevation, z is an upward oriented 
vertical coordinate with origin on a datum located deep inside the alluvial deposit. 
Green lines represent the boarders of each layer i.e. surface, first buried layer, 
second buried layer and third buried layer. The red lines show the control volume.  
The definition of the thickness of the layers buried in the deposit followed 
a similar approach.  For example, to compute the volume of sediment in the first 
layer buried in the deposit below the bed surface equation (48) takes the form: 
𝑉𝑏𝑢𝑟𝑖𝑒𝑑_1 = (1 − 𝜆𝑝)∆𝑥𝐵 ∫ 𝑃𝑠𝑑𝑦
𝑦𝑏1
𝑦𝑠
                                                                                (49) 
where yb1 was determined by imposing that the integral of Ps had to be equal to d. 
             The same procedure was repeated to determine the depths in the y 
coordinate system of the second and third buried layers with limits of integration 
equal to yb2 and yb3  
The total number of particles in the surface, ns, and in the buried layers, nbj, 








                                                                                                               (50-b) 
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When the total number of particles in each layer is known, we can easily 
calculate the volume fraction content of tracers in the surface and buried layers 









                                                                                                                       (51-b) 
where 𝑛𝑡𝑠  is the number of tracers on the surface and 𝑛𝑡𝑏𝑗  is the number of 
installed tracer stones in the j-th buried layers. 
The model results are expressed in terms of volume fraction content of 
tracers at different elevations y, and to compare the numerical results with the 
Wong et al. laboratory data the volume fraction content of tracers have to be 
converted in number of tracer particles.   
Due the continuous nature of the probabilistic framework, the numerical 
layers used in the integration of the equation of conservation of tracer stones are 
significantly thinner than one grain diameter, that was the thickness of the 
experimental layers.  Thus, the volume fraction content of tracers in each 
numerical layer had to be first converted in number of tracer particles in each 
numerical layer and then the number of particles in the numerical layers between 
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elevations ys, ybj, have to be added to obtain the number of tracers in the 
experimental layers.   
The total volume of each numerical layer, Vnum_layer, is equal to:     
𝑉𝑛𝑢𝑚_𝑙𝑎𝑦𝑒𝑟 = ∆𝑥𝐵𝜀                                                                                                           (52) 
where 𝜀 is the thickness of the numerical layers, which in our study is constant and 
equal to 1 mm.  The total volume of sediment in each numerical layer is equal to: 
𝑉𝑡_𝑛𝑢𝑚_𝑙𝑎𝑦𝑒𝑟 = (1 − 𝜆𝑝)∆𝑥𝐵𝜀𝑃𝑠(y)                                                                                   (53) 
or: 
𝑉𝑡_𝑛𝑢𝑚_𝑙𝑎𝑦𝑒𝑟 = 𝑉𝑛𝑢𝑚_𝑙𝑎𝑦𝑒𝑟  (1 − 𝜆𝑝)𝑃𝑠(y)                                                             (54)                          
with 𝑃𝑠(𝑦) denoting the average fraction of sediment and pores in the numerical 
layers.  





                                                                                                        (55)                
The volume fraction content of tracer pebbles in each generic numerical 
layer, 𝑓𝑡 , is converted to the number of tracer pebbles as follows: 
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𝑛𝑡𝑛𝑢𝑚 = 𝑓𝑡𝑛𝑛𝑢𝑚                                                                                                           (56)                  
where 𝑛𝑡𝑛𝑢𝑚 denotes the number of tracer pebbles in the generic numerical layer.  
When the number of tracers in each numerical layer at the generic 
computational node is known, the sum of 𝑛𝑡𝑛𝑢𝑚  from −∞ to ys is equal to the 
number of tracers on the bed surface. Similarly, the total number of tracers buried 
in the deposit is equal to the sum of ntnum from ys to the bottom of the alluvial 
deposit.  
 
3.3. VERIFICATION AT LABORATORY SCALE 
The verification of the PPL morphodynamic framework was done in two 
steps.  Model results at equilibrium were first compared with the Wong et al. 
(2007) equilibrium results to determine if the morphodynamic model was able to 
reasonably reproduce the experimental results in terms of equilibrium slope and 
water depth.  The model was then used to simulate tracer dispersal to compare the 
numerical and the experimental results in terms of number of tracers recovered at 
different locations in the flume and particle virtual velocity and to investigate the 
role of the particle step length on the numerical results.  
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Governing equations of the morphodynamic model are the shallow water 
equations for conservation of flow mass and momentum simplified with the quasi-
normal approximation (equations 2) and the generalized form of the equation of 
conservation of bed material – equation (20).  Equation (29) was used to compute 
the entrainment rate, equation (32) to determine the average particle step length 
and the variability of bed elevations was modeled with equations (3) and (20).  
 
The comparison between numerical and experimental results is presented 
in Table (3.1) in terms of water depth H (m) and bed slope S (m/m).  The Wong et 
al. (2007) run number is reported in the first column of Table (3.1).  Run 6 was not 
reported in the Wong et al. (2007) experimental dataset and this is the reason why 
the run numbers jump from 5 to 7.  The flow (Qw) and feed (Gs) rates are presented 
in the second and third column and they were kept constant in each experiment. 
Finally, H and S represent the percent error respectively for the numerical 
predictions of water depth and slope.  Given the model simplifications, H smaller 
than 3.5% in all the runs but one, and S smaller than 10% in all the runs but one 
denotes a reasonably good agreement between numerical predictions and 
experimental observations.  
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3.3.1 Model verification – tracer dispersal 
The parameter that was allowed to change in the model verification was the 
offset distance yo in the elevation-specific probability density functions of particle 
entrainment and deposition, pE and pD.  The particle step length was computed 
with equation (32) as a function of the Shields number and varied between 100 and 
250 grain diameters.  We performed numerical simulations of the 30-minute long 
Wong et al. (2007) experimental runs with five different values of the offset 
distance, that is 0.25d as proposed by Wong et al. (2007) 0.1d, 0.0, -0.1d and –0.25d.  
When yo is negative, the mode of pE occurs above the mean bed elevation.  When 
yo is positive, the mode of pE occurs below the mean bed elevation.  
The 30-minute long experiments were chosen to test the model because in 
these runs the number of tracers that left the flume was relatively small compared 
to the number of tracer stones installed (Wong et al., 2007).  Further, a 30-minute 
long time interval in the case of laboratory experiments in lower regime plane bed 
is sufficiently long to average the results over the bed elevation changes, so that 
the elevation-specific probabilistic formulation – equations (41), (54.a) and (54.b) - 
can be reasonably used to model the short term changes in bed elevation 
associated with bedload transport (Wong et al., 2007).  
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            The comparison between numerical and experimental results is presented 
in Figure (3.3) for the runs with a low (run 4, Gs = 0.034 kg/s, Figure 3.3a), medium 
(run 5, Gs = 0.076, Figure 3.3b) and high (run 2, Gs = 0.124, Figure 3.3c) feed rates.  
The comparison between numerical and experimental results was done in terms 
of total number of tracers recovered in different flume cross sections (top panels 
in Figures 3.3), and tracers recovered on the bed surface (central panels in Figures 
3.3) or buried in the bed deposit (bottom panels in Figures 3.3). 
Squares in Figure (3.3) denote the experimental data, the vertical bars 
indicate an error of ± 10 tracers around the measured value, and the continuous 
lines represent the model results for different values of yo, i.e. the red line pertains 
to the runs with y0 = 0.1d, the dashed blue line to the run with y0 = -0.1d, the dashed 
gray line to the run with y0 = -0.25d, and the black line and pink line respectively 
represent the results for y0 = 0.25d and 0.0.  The arrows in Figure (3.3) indicate 
increasing values of the offset distance and the vertical blue line indicates the 
flume cross section at x = 10 m. 
Given the model simplifications, i.e. steady and uniform flow and constant 
particle step length, the assumption that the short term variability of bed elevation 
in the simulated 30-minute long experimental runs can be described with the 
probability density functions of equations (41) and (44), and the approximations 
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in the conversion of the predicted volume fraction content of tracers into number 
of tracer stones with the procedure outlined above, a difference of 10 tracer stones 
between numerical and experimental indicates a reasonably good agreement 
between model predictions and laboratory measurements.   
 
The comparison between model predictions and experimental data of 
Figure (3.3) shows that the numerical results approximate the experimental data 
when y0 is equal to -0.25d, i.e. when the elevation specific probability functions of 
entrainment and deposition have a maximum value below the mean bed elevation.  
In the case of a low feed rate (Figure 3.3a) the model is able to capture the number 
of tracer stones that were found of the bed surface and buried in the deposit.  As 
the bed shear stress increases (Figures 3.3b and 3.3c) the agreement between 
experimental measurements and numerical predictions of number of tracers 
found on the bed surface worsen and this is likely due to the assumption of a 
constant particle step length equal to its average value.  On the other hand, the 
agreement between the numerical predictions and experimental measurements of 
number of tracers buried in the deposit is within ±10 stones at medium and high 
feed rates when yo = 0.25d.  
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The number of tracers found on the bed surface in the upstream part of the 
domain (streamwise distance < 10 m) increases as yo decreases from negative to 
positive values, i.e. as the maximum value of the probability functions of 
entrainment and deposition migrates from elevations equal to -0.25d above the 
average bed elevation ?̅?, i.e. yo < 0, to elevations z < ?̅?, i.e. yo > 0.   
This result clearly illustrates that if the maximum probability of 
entrainment and deposition occurs where the average fraction of sediment and 
pores is large (Ps tends to 1 deep down in the deposit), i.e. yo > 0, the model predicts 
a larger tracer mobility compared to the case in which the maximum probability 
of entrainment and deposition occurs at elevations z > ?̅?, i.e. where the average 
fraction of sediment and pores is relatively small (Ps tends to 0 high in the water 
column) and yo < 0.   
For negative values of yo (black and red lines) the number of tracers on the 
bed surface in the upstream part of the modeled domain (streamwise distance < 
10 m) is smaller than the measured value in the run with low feed rate denoting 
that at low transport conditions the numerical tracer mobility is greater than in the 
experiment.  In the downstream part of the modeled domain (streamwise 
distances > 10 m) the numerical model predicts a relatively constant number of 
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tracers on the bed surface, as observed during the experimental runs far away from 
the downstream end of the test reach (i.e. x > 20 m).   
 
3.3.2 Effects of the particle step length 
To investigate the effects of the average particle step length on the model 
results we repeated the simulation of the Wong et al. (2007) experiments with an 
offset distance yo = 0.25d, and a particle step length  varying between 100d and 
250d (Einstein, 1950).  
The results of this exercise are presented in Figure (3.4) for three runs, i.e. a 
run with low feed rate (run 4, Gs = 0.034 kg/s, Figure 3.4.a), a run with an 
intermediate feed rate (run 5, Gs = 0.076 kg/s, figure 3.4.b) and a run with a high 
feed rate (run 2, Gs = 0.124 kg/s, Figure 3.4.c).  The total (surface + buried) number 
of tracers recovered in different locations along the flume is presented in the first 
panels of Figures (3.4), the number of tracers recovered on the bed surface or found 
buried in the deposit are respectively presented in the second and third panels of 
the Figures (3.4).  The solid blue line represents results of a numerical run with 
particle step length equal to 100d, the dotted blue line was obtained for a particle 
step length equal to 150d, and the small dashed blue line and large dashed blue 
lines represent the results with step lengths equal to 200d and 250d respectively. 
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The arrows in Figure (3.4) indicate increasing values of the particle step length and 
the vertical blue line indicates the flume cross section at x = 10 m. 
The results of this set of runs show that as the particle step length decreases, 
the number of tracers found on the bed surface and in buried in the bed deposit 
tends to increase.  One explanation for this behavior is that with a small step length 
particles interact with the bed relatively frequently so that the probability of being 
deposited increases.  
Figures (3.4) shows that the shear stress, and thus the magnitude of the 
short-term changes in bed elevation, plays an important role on the model results.  
In the numerical runs 5 and 2, corresponding to moderate and high bedload 
transport conditions there is a sharp decline of the number of tracers found on the 
bed surface in the upstream most 10 meters of the flume e.g. before and after blue 
line in the figures. This can be an effect of the magnitude of the bed elevation 
changes. As the bed shear stress increases, the standard deviation of the bed 
elevation increases (equation (43)).  The combination of a relatively large 
variability in bed elevations and a short particle step length results in an increased 
mobility of the particles in the upstream part of the domain, more particles are 
entrained in transport and get buried in the deposit in the downstream part of the 
flume.   
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3.3.3 Effects of the shear stress 
To further investigate the role of the shear stress on tracer dispersal, the 
results of the numerical runs 2-11 of Table (3.1) are summarized in Figure (3.5) in 
terms of number of tracers found on the bed surface and buried in the deposit in 
30 minute-long experiments.  Run 1 of Table (3.1) was not simulated due to its 
different type of tracer installation. The range of shear stress in runs 3 and 11 of 
Table (3.1) is very close to run 7 and 2 respectively so they are also neglected in the 
discussion of the modeling results.  
In Figure (3.5) the dark line pertains to runs with a relatively high Shields 
numbers (Runs 11, 2, 8 and 5 with shields number ranging between ~0.09 - 0.12) 
and the light lines to runs with low Shields numbers (Runs 9, 4 and 10 with shields 
number ranging between ~0.07 - 0.08).  The arrows in Figure (3.5) indicate 
increasing values of the Shields number and the vertical blue line indicates the 
flume cross section at x = 10 m. 
The panels of Figure (3.5) show that the numbers of tracer particles buried 
in the deposit tend to increase with increasing shear stresses while the number of 
tracers on the bed surface decreases with increasing shear stresses. This confirms 
what observed in Figure (3.4).  At high values of bed shear stress, 1) the 
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entrainment rate increases, and thus more particles are mobilized, 2) the height of 
the bed elevation changes increases and more particles can be picked up from the 
deposit, and 3) due to the relatively large bed elevation changes more particles can 
be then buried in the bed deposit. 4) due to high shear stress particles tend to get 
buried instead of staying on the surface. 
 
3.4. VIRTUAL VELOCITY 
In conditions of lower plane bed equilibrium, the bedload particles interact 
with the alluvial deposit.  Particles in transport are deposited on the bed surface 
or buried in the deposit, where they may remain for a substantial amount of time 
until they become exposed to the flow and re-entrained in transport.   
A schematic representation of this process is presented in Figure (3.6), 
where the yellow circles represent tracer particles and the paths of different 
particles are shown with arrows.  Some particles get buried and after some time 
they are entrained into bedlod transport, other particles stay on the bed surface for 
some time before they are re-entrained in transport.  These periods of movement 
and rest are included in the calculations of the virtual velocity, which thus 
represents the average velocity of the bedload particles.   
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In other words, to describe particle motion in bedload transport two 
velocities can be defined: the mean particle velocity during transport, vm, and the 
virtual velocity, vv, which is averaged over both periods of motion and periods of 
rest (Parker, 2004 and references herein). In gravel bed rivers vv is generally orders 
of magnitude smaller than vm, which means that a particle spends most of its time 
at rest (Parker, 2004 and references herein). 
The results of the numerical model presented above can be used to predict 
the virtual velocity of the tracer particles averaged over the short-term changes in 





                                                                                                                      (57) 
where Ltd represents the mean travel distance in a time interval of Δt.  
The calculations of the virtual velocity are with equation (57) are greatly 
simplified because the equation 1) accounts for multiple periods of rest on or 
within the bed deposit, 2) implicitly assumes that the virtual velocity is 
independent of the particle position in the deposit, and 3) includes not only the 
measured values for particles that stayed in the flume, but also scaled-up estimates 
for particle that ran out of the modeled domain.  
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To estimate the particle virtual velocity, Wong et al. (2007) performed four 
different runs of very short duration (few hundreds of seconds) compared to the 
30-minute runs used to characterize tracer dispersal over time scales that are long 
compared to the time scales characterizing the short-term bed elevation changes.  
These runs were performed with the same flow rates and feed rates of run 4 
(Qw=0.038 m3/s and Gs = 0.034 kg/s) and run 11 (Qw=0.093 m3/s and Gs =0.150 kg/s) 
of Table (3.1) for durations of 150 and 300 seconds for the conditions of run 4  (low 
transport rate) and for 90 and 180 seconds for the conditions of run 11 (high 
transport rate, Table 3.1).   
Due to the short duration of these experiments only three tracer 
installations were placed in the flume, and each installation included two layers of 
differently colored particles (Wong et al., 2007).  At the end of each run the tracers 
recovered in the laboratory flume were classified as 1) particles placed on the bed 
surface and found on the bed surface at the end of the runs, ss, 2) particles placed 
on the bed surface and found buried on the bed deposit at the end of the runs, sb, 
3) particles buried in the bed deposit and found buried in the bed deposit at the 
end of the runs, bb, and 4) particles buried in the bed deposit and found on the bed 
surface at the end of the runs, bs. 
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It is important to note here that the very short duration of these 
experimental runs may add significant errors in the numerical simulations because 
the runs were so short that the representation of the short term changes in bed 
elevation with the elevation specific probability density functions pe, pE and pD may 
not be appropriate.  In other words, the run duration was so short that the 
assumption of statistically uniform temporal changes in bed elevation around the 
mean (chapter 2) may not strictly hold.  
The comparison between measured and numerical average particle virtual 
velocity, Uvir, for run 4 and 11 is respectively presented in Figures (3.7.a) and (3.7.b) 
for the different classes of particles ss, sb, bb and bs, and different run duration. In 
Figure (3.7.a) the dashed bars and the solid color bars summarize the results of the 
numerical run with the conditions of run 4 and duration of 150 and 300 seconds 
respectively. In particular, the experimental results are presented in red and the 
numerical results are in blue. In Figure (3.7.b) the blue bars and the red solid color 
bars summarize the numerical and experimental results respectivley. The results 
of the 90 second-long run are presented with dashed bars and the results of the 
180 second-long run are summarized with the solid color bars.  
67 
The plots of Figure (3.7) demonstrate that, notwithstanding the 
assumptions, approximations and the short run duration, the model is able to 
capture two important features of the experiments.   
The comparison between runs of different duration shows that the model 
is able to reproduce smaller particles virtual velocity with increasing run duration.  
In run 4 (Figure 3.7.a) the virtual velocity of the particles after 300 seconds (blue 
filled bars) is smaller than virtual velocity after 150 seconds (blue dashed bars), as 
observed in the experiments (red bars). The same pattern is observed in run 11 
(Figure 3.7.b) i.e. the virtual velocity decreases when the run duration increases 
from 90 seconds to 180 seconds. 
The particle virtual velocity increases with flow strength for all four classes 
of tracers, i.e. ss, sb, bb and bs, for different run duration. As the flow strength 
increases, τ* increases and consequently the amplitude of the short term changes 
in bed elevation increases, equation (20), with a consequent increase of the 
probability that particles are entrained in transport, in agreement with equation 
(45).   
Figure (3.8.a and b) shows the comparison between the numerical 
cumulative distribution functions of particle virtual velocity for the four runs of 
Figure (3.7) and the probability distribution function of the virtual velocity 
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proposed by Wong et al. – equation (46).  In this figure the black line represents 
equation (46), the dashed line and the dotted line respectively show the numerical 
distribution functions for the 150 and 300 second-long runs with flow rate and feed 
rate equal to run 4 of Table (3.1) and corresponding to a low bedload transport rate 
(Figure 3.8.a), and for the 90 and 180 second-long with flow rate and feed rate 
equal to run 11 of Table (3.1) and corresponding to a high bedlaod transport rate 
(Figure 3.8.b).   
Figures (3.8.a) and (3.8.b) show that the variability of the numerical virtual 
velocity is smaller than the predictions of equation (46).  This is likely a 
consequence of the assumption of statistically uniform temporal changes in bed 
elevation around the mean bed elevation in very short runs.  In other words, the 
probability density functions of pe, pE and pD are averaged over long-time intervals 




Figure 3.1 . Schematic representation of the control volume to define surface and 
buried layers.  ?̅?  is the mean bed elevation, y is downward oriented vertical 
coordinate, z is upward oriented with origin on a datum located deep inside the 
alluvial deposit. Green lines represent the layers of tracers e.g. surface, first buried 








Figure 3.2. Schematic representation of the flume and tracer installations. Colorful 
circles represent the tracer particles at four different locations in the bed deposit. 
The first two sets seeded at 6.75 m from the upstream side of the flume the third 











Figure 3.3.a. Numerical and experimental results for the streamwise dispersion of tracer 
particles on surface, buried and total for run number 4 with low feedrate of Qf =0.034 kg/s. 
In these figure squares represent experimental data, the red, dashed blue, dashed gray, 





Figure 3.3.b. Numerical and experimental results for the streamwise dispersion of tracer 
particles on surface, buried and total for run number 4 with low feedrate of Qf =0.034 kg/s. 
In these figure squares represent experimental data, the red, dashed blue, dashed gray, 





Figure 3.3.c. Numerical and experimental results for the streamwise dispersion of tracer 
particles on surface, buried and total for run number 4 with low feedrate of Qf =0.034 kg/s. 
In these figure squares represent experimental data, the red, dashed blue, dashed gray, 




Figure 3.4.a. Numerical results for the streamwise dispersion of the total number of tracer 
particles and particles found on the surface and buried in the deposit for run number 4 
with low feedrate of Qf =0.034 kg/s. In these figures the blue solid, dotted, small dashed 
and large dashed lines represent model results for step length equal to 100d, 150d, 200d 
and 250d respectively. 
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Figure 3.4.b. Numerical results for the streamwise dispersion of the total number of tracer 
particles and particles found on the surface and buried in the deposit for run number 4 
with low feedrate of Qf =0.034 kg/s. In these figures the blue solid, dotted, small dashed 
and large dashed lines represent model results for step length equal to 100d, 150d, 200d 
and 250d respectively. 
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Figure 3.4.c. Numerical results for the streamwise dispersion of the total number of tracer 
particles and particles found on the surface and buried in the deposit for run number 4 
with low feedrate of Qf =0.034 kg/s. In these figures the blue solid, dotted, small dashed 
and large dashed lines represent model results for step length equal to 100d, 150d, 200d 
and 250d respectively. 
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Figure 3.5. Numerical results for the streamwise dispersion of tracer particles found on 
the surface, buried in the deposit for 7 set of runs of table calculations were done with step 















Figure 3.6. Schematic representation of particle entrainment anddeposition 
in bedload transport. 
Instantaneous mean bed elevation 
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Figure 3.7.a . Comparison between experimental and numerical mean travel 
distance scaled by test duration for the short test with conditions of run 4 for four 
different classes of tracers; sb denoting particles palce in surface and found buried, 
ss is particles located on the surface and found on the surface, bb is buried particles 
that are found buried and bs denotes buried particles found on the surface. . Blue 
dashed :numerical 150 second, blue filled: numerical 300 second. Red vertically 





Figure 3.7.b. Comparison between experimental and numerical mean travel 
distance scaled by test duration for the short test with conditions of run 4 for four 
different classes of tracers; sb denoting particles palce in surface and found buried, 
ss is particles located on the surface and found on the surface, bb is buried particles 
that are found buried and bs denotes buried particles found on the surface. . Blue 
dashed :numerical 150 second, blue filled: numerical 300 second. Red vertically 









Figure 3.8. (a) and (b) cumulative distribution functions of the virtual velocity of 
the tracers for runs 4 and 11 respectively. Black line represents the gamma function 
proposed by Wong et al., the dashed line and the dot line show the numerical 






Table 3.1. Water discharge Qw, sediment feed rate Gs for each run of the 
experiments performed by Wong et al., 2007. H represents the water depth and S 





H(data) H(model) ɛ% S(data) S(model) ɛ% 
1 0.081 0.117 0.126 0.129 2.3 1.05 0.98 7.0 
2 0.067 0.124 0.108 0.109 0.6 1.20 1.18 1.6 
3 0.044 0.058 0.085 0.084 1.3 1.26 1.21 4.2 
4 0.038 0.034 0.073 0.079 7.5 1.23 1.12 8.6 
5 0.039 0.076 0.071 0.073 3.3 1.52 1.49 2.2 
7 0.069 0.06 0.124 0.123 0.9 0.91 0.83 8.5 
8 0.102 0.096 0.157 0.162 2.9 0.86 0.73 15.1 
9 0.034 0.026 0.071 0.073 3.0 1.26 1.14 9.5 
10 0.074 0.051 0.131 0.133 1.4 0.81 0.74 8.7 














MODEL APPLICATION TO ALLT DUBHAIG, SCOTLAND 
 
4.1. INTRODUCTION 
The continuous, probabilistic-based morphodynamic model presented in 
Chapter 2 is applied to numerically reproduce an 8 years long field experiment on 
tracer dispersal performed on a small gravel bed river, the Allt Dubhaig in the 
Scottish Highlands (Ferguson et al., 2002).  A Google Earth image of the Allt 
Dubhaig is presented in Figure (4.1), where the pins represent the upstream and 
downstream end of the modeled reach. Details of the Allt Dubhaig field site and 
tracer experiment are given in (Ferguson et al., 1991, 1998 and 2002). Here we 
report information that is relevant for the model application.  
The modeled reach of the Allt Dubhaig is a 3.5 km long and ~ 8 m wide 
alluvial channel with average bed slope of 0.009 m/m (Ferguson et al., 1998 and 
2002).  In particular, the bed slope in the modeled reach decreases from ~0.02 m/m 
to 0.002 m/m (Ferguson et al., 1998 and 2002). Data collected in 1991-1993 provide 
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estimates of the bankfull discharge Qbf = 11 m3/s and mean annual sediment load 
Qs = ~3.5 m3/yr (Wathen et al., 1995).  
A total of 1480 tracer pebbles were installed in 1991 at six locations (referred 
to hereafter as T1–T6) at distances of 0.2 km, 0.5 km, 0.8 km, 1.3 km, 1.8 km, and 
2.4 km from the head of the alluvial channel.  Results on tracer dispersal were first 
collected and analyzed after two years in 1993.  A second survey was performed 
in 1999 to investigate the differences in tracer dispersal and mobility 2 and 8 years 
after the installation.  
Ferguson et al. estimated the particle virtual velocity using the particle 
travel distance per calendar year. The main limitation of this method is that flood 
occurrence and duration during the experimental period is difficult to consider.  
Ferguson et al. (2002) divided the annual travel distances by the duration of the 
competent flow, defined as the average fraction of the year in which the Allt 
Dubhaig was morphologically active, i.e. when the discharge was higher than 11 
m3/s. The estimated duration of the competent flow was 1.21-1.25% (for the 
duration of 1991-1993) and 1.12% (for the duration of 1993-1999) of a calendar year 
for the period 1991-1999 (Ferguson et al., 2002).  
The main result of the Allt Dubhaig experiment relevant for this thesis is 
that the virtual velocities measured in 1993 (0.01 - 0.1 km/yr) were significantly 
larger than the virtual velocities estimated after the 1999 survey (0.004 - 0.03 
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km/yr).  In other words, the Allt Dubhaig experiment revealed that the virtual 
velocity of the tracers decreased in time and this phenomenon was called tracer 
slowdown.   
 
4.2. MODEL APPLICATION TO THE ALLT DUBHAIG 
To apply the numerical model presented in Chapter 2 to the Allt Dubhaig, 
the following simplifying assumptions have been introduced: 
1) The modeled reach of the Allt Dubhaig was assumed to be at equilibrium 
because the duration of the tracer experiment was relatively short compared to the 
time scales characterizing aggradation and degradation in gravel bed rivers;  
2) The channel cross section was assumed to be rectangular with effective width 
equal to 8 m; 
3) The bed material was modeled as uniform with characteristic diameter d equal 
to 70mm, i.e. the geometric mean diameter of the bed surface sediment (dsg); 
4) The interaction between the river channel and the floodplain was not accounted 
for;  
5) The streamwise changes in bed slope that characterize the upward concave 
longitudinal profile of the Allt Dubhaig were not accounted for and a constant bed 
slope equal to 0.009 m/m was used in the simulations (Ferguson et al., 1998 and 
2002, Blom et al., 2017 
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6) The variability of flow discharges was modeled in terms of a single, bankfull 
discharge and a flow intermittency equal to 0.062 (Blom et al., 2017);  
7) The bedload transport regime of the Allt Dubhaig was assumed to be lower 
plane bed and the shape of the Wong et al. (2007) probability density functions of 
bed elevation, entrainment and deposition were assumed to hold, and  
8) The particle step length was assumed to be constant and equal to 1.75 m, i.e. 250 
grain diameters.  
At equilibrium (Assumption 1) the bedload transport rate is equal to the 
bed material load everywhere in the modeled domain (e.g. Anderson et al., 1975).  
Thus, the bed material load per unit channel width at bankfull flow, qb, is known 
and equal to the mean annual bed material load divided by the flow intermittency 
(Assumption 6), and the bankfull bed shear stress can be estimated from one of the 
empirical bedload transport relations available in the literature.   
The Wong and Parker (2006) version of the Mayer-Peter and Muller relation 
was used in the calculations of the bedload transport rate: 
𝑞𝑏 = 𝑑𝑠𝑔√𝑅𝑔𝑑𝑠𝑔3.97(𝜏𝑏
∗ − 0.0495)1.5                      (58)     
  The entrainment rate of particle in suspension was estimated as the ratio 
between the bedload transport rate and the particle step length (Einstein (1950); 
Nakagawa and Tsujimoto (1976); Wilcock, (1997b) and McEwan et al. (2004)).  The 
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bankfull bed shear stress was estimated from equation (58) as the bed shear stress 
that corresponds to a sediment transport capacity equal to the mean annual load 
divided by the flow intermittency so that the friction coefficient Cf and the bankfull 
depth H could be estimated from the flow equations expressing the conservation 











2                
 (60) 
where S is the channel slope and qw is the bankful flow discharge per unit width. 
The model input parameters and the equilibrium hydraulic parameters for 
the Allt Dubhaig are reported in Table (4.1) with the references for the field data. 
 
4.3. RESULTS 
Due to the lack of field data on the short term changes of bed elevation in 
the modeled reach of the Allt Dubhaig, numerical simulations of tracer dispersal 
were performed for values of the standard deviation of the bed elevation, y, equal 
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to dsg, 1.5dsg, 2dsg, 2.5dsg and 3dsg., i.e. varying between 7 cm and 21 cm. Particle step 
length equal to 250dsg and offset distance yo = 0.25dsg were used to compute the 
elevation specific entrainment and deposition rates.   
The comparison between the probability density functions of bed elevation, 
entrainment and deposition used in this study is presented in Figure (4.2).  Figure 
(4.2.a) shows the probability density functions of the bed elevation (pe) and Figure 
(4.2.b) shows probability density functions of entrainment (pE).  In these figures 
the continuous black, dashed gray, dashed black, dotted gray and continuous gray 
lines are respectively associated with standard deviations of bed elevations equal 
to dsg, 1.5dsg, 2dsg, 2.5dsg and 3dsg.  
As the standard deviation of bed elevation increases, the shape of the 
probability density functions pe and pE becomes wider with smaller values of the 
mode.  As further discussed below, this change in the shape of the probability 
density functions is associated with different characteristics of tracer slowdown.   
The model results are summarized in Figures (4.3) and (4.4) showing how 
the mean travel distance and mean virtual velocity of the tracers change with the 
non-dimensional standard deviation of bed elevation change, y/dsg, after 2 years 
and 8 years of simulated time. In both figures the blue triangles represent the 
numerical prediction after 2 years and the red squares are the results after 8 years. 
89 
The pink and blue boxes in Figure (4.3) respectively represent the range of 
slowdown after 2 and 8 years measured in the field experiments and the numerical 
predictions are within this range in both time period. The black lines in figures 
(4.3) and (4.4) represent the trend lines. The numerical results are relatively small 
compared to the field observations data.  The relatively small numerical travel 
distances compared to field observations is due to the following model 
simplifications: the assumption of uniform sediment, which does not account for 
the interactions between particles of different grain size, the assumption of 
constant bed slope which does not allow us to consider the streamwise changes in 
flow hydraulics, and the assumption of constant particle step length, which in the 
field and with non-uniform sediment likely results in a oversimplification of the 
problem.   
Figures (4.3) and (4.4) show that as y increases, the mean particle travel 
distance and the mean particle virtual velocity decrease confirming that the model 
is able to capture the change in particle mobility associated with a change in the 
magnitude of the short-term bed elevation changes.  When the variability of the 
bed elevations around the mean is small, particles can hardly be buried deep in 
the alluvial bed and thus they are easily re-entrained in bedload transport.  
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The quantification of the tracer slowdown for different values of the 
standard deviation of the bed elevation is shown in figure (4.5) in terms of 
slowdown rate, which has been calculated as follows 
𝑆𝑙𝑜𝑤𝑑𝑜𝑤𝑛 𝑟𝑎𝑡𝑒 = (
𝑈𝑣𝑖𝑟−8
𝑈𝑣𝑖𝑟−2
) ∗ 100%            
 (61) 
where 𝑈𝑣𝑖𝑟−2 is the mean tracer virtual velocity 2 years after the beginning of the 
experiment, i.e. in 1993, and 𝑈𝑣𝑖𝑟−8 is the mean virtual velocity after 8 years, i.e. in 
1999. As the figure (4.5) indicates, the tracer slowdown rate decreases with 
increasing standard deviation of bed elevation due to the increasing probability 
that particles are buried deep down in the deposits in the early stages of the 
experiment in the case of relatively large changes in bed elevation (see Figure 4.3).  
The comparison between the numerical tracer slowdown rate and that 
observed in the Allt Dubhaig field experiment confirms that, notwithstanding the 
model simplifications, the PPL framework is able to reasonably capture the field 
observations.  In the numerical experiment the slowdown rate varies between 28% 
and 33% while Ferguson et al. (2002) estimated a slowdown rate of ~ 50% based 









Figure 4.1. Allt Dubhaig River in Scotland - Image from Google Map 
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Figure 4.2. (a) Probability density function of bed elevation (pe), (b) Probability 
density function of entrainment rate (pE). The black, gray dashed, black dashed, 
gray dot and gray lines are associated with standard deviation respectively equal 







Figure 4.3. Comparison of numerical results of mean travel distance of the tracer 
particles after 2 and 8 years (blue and red dots respectively) for the Allt Dubhaig 
for different values of standard deviation of bed elevations. Pink and blue box 












Figure 4.4. Comparison of numerical results of tracers mean virtual velocity 
particles after 2 years (blue trianguls) and 8 years (red squares) for Allt Dubhaig 









Figure 4.5. Percentage of slowdown of the tracer particles virtual velocity after 8 
years for Allt Dubhaig River for different standard deviation values. The black line 















               Table 4.1. Input parameters for Allt Dubhaig River model simulations 
Parameter Value Dimension 
Sediment load (Qs) 3.5  m3/yr 
Bankfull discharge (Qb) 11  m3/s 
Channel length (L) 3.5  km 
Bed slope (s) 0.009 m/m 
channel width (B) 8  m 
Intermittency factor (If) 0.062 - 
Volume fraction content 




















        CONCLUSION 
 
5.1. SUMMARY AND CONCLUSION 
The PPL framework of mass conservation has been implemented to study 
tracer dispersal in gravel bed rivers, and it has been applied at laboratory and field 
scales.  A comprehensive set of numerical simulations was performed under 
transport conditions of lower regime plane bed, i.e. in the absence of small scale 
bedforms, to perform model verification and to study how tracer dispersal 
changes with the sediment transport capacity and characteristics of sediment 
motion, e.g. particle step length and vertical position of the maximum probability 
of particle entrainment and deposition.  To simplify the problem tracer dispersal 
was studied at equilibrium, i.e. when the local mean bed elevation does not change 
in time.   
The model verification at laboratory scale was performed by comparing the 
numerical results with the experimental observation reported in Wong et al. 
(2007).  The validated model has been applied to study how tracer dispersal 
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changes with the particle step length, which is a parameter controlling particle 
entrainment and deposition, in terms of tracers found in the topmost part of the 
deposit (bed surface) or buried in the alluvial bed.  
To investigate the applicability of the PPL framework at field scales, the 
Ferguson et al. (1998, 2002) 8 year – long experiment on tracer dispersal on the Allt 
Dubhaig, Scotland, has been simulated in a very simplified setting.  In the field 
scale application, the magnitude of the variability of bed elevation around the 
mean was unknown.  Different scales to describe this variability have been 
hypothesized and the results have been compared with field observations.  
 
The main findings of our modeling study are summarized as follows: 
1. The comparison between experimental and field data with numerical 
simulations shows that the PPL modeling framework is able to reasonably predict 
conditions of mobile bed equilibrium in terms of channel bed slope and water 
depth.  The empirical probability functions of bed elevation, entrainment and 
deposition derived by Wong et al. (2007) and Ghasemi et al. (in preparation) have 
been used to model the short-term changes in bed elevation associated with 
bedload transport with a probabilistic approach. 
2. The comparison between experimental and numerical data shows that the PPL 
framework can capture the vertical and streamwise dispersal of tracer particles in 
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term of number of tracers on the bed surface and buried in the deposit. It is 
important to note here that the reasonably good agreement between numerical 
results and data measured in the laboratory and in the field was obtained with a 
very simplified entrainment/deposition model in which the particle step length 
was assumed to be constant and equal to its average value. 
3. As the mode of the probability function of entrainment and deposition is shifted 
towards the bed deposit, the model predictions of the number of tracers found 
buried in the deposit and on the bed surface get closer to the experimental data. 
This result suggests that the maximum probability of entrainment and deposition 
occurs at a distance equal to ~0.25d below the mean bed elevation in the case of 
lower regime plane bed and this distance is likely to change in the presence of 
small scale bedforms.  Research is needed to further characterize the probability 
functions of entrainment and deposition with bed configurations that are not 
lower plane bed and with non-uniform material.  We expect that these studies will 
provide critical information for the development of synthetic stratigraphy models.  
4. Numerical runs performed with different average particle step lengths show 
that particle step length is an important factor in predicting the dispersal of tracer 
particles. With a relatively small step length the model predicts that more tracers 
will be buried in the alluvial deposit or will be found on the bed surface far away 
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from the location of tracer installation compared to the case of a relatively large 
step length.  This result suggests that the use of a small step length results in more 
frequent bed-particle interactions and consequently in higher fractions of tracers 
in the bed deposit compared to the case of a large step length.  
5. As the bed shear stress increases the number of tracer particles found buried in 
the deposit increases because of the increasing entrainment and deposition rates 
and magnitude of the bed level changes and number of particles on the bed surface 
decreases for the same reason. 
6. The application of the PPL framework at field scale under simplified conditions 
reveals that the tracer slowdown observed in the field can be numerically 
reproduced.  Numerical simulations performed with different magnitudes of the 
bed elevation changes show that the mean particle travel distance decreases as the 
magnitude of the bed elevation changes increases and more particles can get 
entrained to the bedload transport and then buried along the channel. 
In summary, the work presented herein strongly suggests that the PPL 
modeling framework implemented with physically-based probability functions 
and empirical closures to compute the sediment fluxes can overcome the well-
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